We discuss the theory of extracting an interaction Hamiltonian from a preassigned unitary transformation of quantum states. Such a procedure is of signi cance in quantum computations and other optical information processing tasks. We particularize the problem to the construction of totally symmetric 2N-ports as introduced by Zeilinger and his collaborators A. Zeilinger, M. Zukowski, M. A. Horne, H. J. Bernstein, and D. M. Greenberger, in Fundamental Aspects of Quantum theory, eds. J. Anandan and J. L. Safko (World Scienti c, Singapore 1994)]. These are realized by the discrete Fourier transform, which simpli es the construction of the Hamiltonian by known methods of linear algebra. The Hamiltonians found are discussed and alternative realizations of the Zeilinger class transformations are presented. We brie y discuss the applicability of the method to more general devices.
Introduction
The eld of Quantum Optics has matured. Originating in the theory of the output of laser devices, it has developed through a series of innovative methods to generate coherent radiation and nonclassical states. Among its applications today we have communication theory and quantum cryptography. Coherences can be maintained over large distances 1] , and applications of quantum systems to computing have been suggested 2]. In many experiments, Quantum Optics methods are used to analyse the results and suggest modi cations and improvements 3]. In all these elds, the theory is, however, mainly used to analyse experimental situations or evaluate the manifestations of physical phenomena. In technical application, the theory needs to be used to synthesize systems which perform a preassigned quantum operation. This is required in noise manipulation techniques, information acquisition and quantum computations. This task is the inverse of the ordinary analytic procedure.
In the synthesization procedure, we determine a quantum transformation which performs some desired operation. Then we look for the formal unitary operator which carries out this and inquire which physical systems a ect such a transformation. Examples of this procedure can be found in the recent discussion of quantum computing, the design of systems to test Bell's inequalities and nonclassical features of light. In the linear regime, the transfer properties can be described by a linear input-output formalism 4, 5] . For quantum computations and information processing, nonlinear networks are required 6].
The linear networks can be realized by the use of passive optical elements (beam splitters, mirrors and phase shifters) 7]. In other cases, one may need to include active elements, ampli ers or parametric mixers. These are described by Hamiltonians characterizing the interaction between the modes of light entering these elements. We regard it as a question of interest to ask which types of interactions are necessary to obtain a desired transfer function. We thus ask for the Hamiltonian governing the time evolution. This is a problem of very wide scope in quantum theory, given the desired unitary time evolution, how do we e ect this transformation by a realizable quantum system?
In order to limit the problem, we choose to consider a set of linear transformations introduced by Zeilinger and his collaborators 8]; this generalization of the 50/50 beam splitter is a device which distributes a photon entering an arbitrary input equally among the outputs. It is thus a totally symmetric 2N-port. These devices show interesting mathematical properties 9] and display a variety of nonclassical experimental features 10]. We choose to treat these linear transforms as interesting illustrations of the problem to construct the interactions from a preassigned unitary transform.
In Sec.2 we set up the problem and discuss the class of all acceptable physical solutions. In Sec.3 we nd that an interesting representative of this class is the Fourier transform of the input state. This observation greatly simpli es the extraction of the interaction Hamiltonian, which is discussed in Sec.4. In Sec.5 we discuss the uniqueness of the transformation, and we also introduce some di erent solutions to the problem of nding transformations which satisfy the criteria put down by Zeilinger and his collaborators. Section 6 discusses the general properties of the Hamiltonians constructed, and Sec. 7 presents conclusions and a discussion. 
The conservation of probability requires that
Thus the matrixÛ must be an N-dimensional representation of the group U(N); which implies that it must satisfy the relations
All these matrices are, however, not representing di erent physical situations. There exists two types of transformations that leave the physical situation unchanged. 
describes the same physical situation as the original U ij . This is essentially a gauge transformation of the elds. 2. The numbering of the N inputs and the N outputs is arbitrary. We can perform an arbitrary permutation of each, P x and P y respectively. This gives the physically equivalent transformation b U = P yÛ P ?1 x : (6) This represents the same physical device.
The class of unitary matrices satisfying Eqs. (5) and (6) describe linear passive 2N-ports in Quantum Optics; see the discussion in 9]. They clearly form a group; all products belong to the same class.
Zeilinger and his collaborators 10] have introduced a restricted class of unitary operators, which form the N?dimensional generalization of the symmetric beamsplitter. They require that a photon entering any input appears with equal probability at any output. This requires that the unitary transformationÛ has all its elements of equal magnitude. Thus we must have
where the phases ' ij are chosen such that the matrix is unitary. This restricted class of unitary transformations still allows the two basic symmetry operations given above, but they clearly do not form a group. The form (7) is not conserved when two such matrices are multiplied. Like the simple beamsplitter, they do, however, display interesting nonclassical interference e ects when they are fed by single photon states of the type (1); cf Ref 10] .
The Fourier Transform
One way to satisfy the Zeilinger condition (7) 
where s N is the simplest Nth root of unity
This satis es the relation
where we have denoted the Kroenecker delta a;b by (a j b): The relation (10) guarantees that U ij is unitary and its elements satisfy the condition (7). It can be transformed using the symmetry operations (5) and (6) but the form (8) leads to the simplest mathematical properties. There is, however, no unique solution to the construction of the Zeilinger class transformations as we will see in Sec.5. If we apply the transformation (8) to an incoming state vector (1), we obtain the relation y k = N?1 X j=0 exp(i 2 N k j) x j ; (11) which is clearly the discrete Fourier transform. Calculating the square of the transformation matrix (8) we nd directly (Û 2 ) ij = (i j 0) (j j 0) + (i + j j N): (12) The structure of this matrix is simple but not obvious. 
The meaning of this transformation becomes clear if we write the vector fx i g as a periodically repeating array :::; x N?3 ; x N?2 ; x N?1 ; x 0 ; x 1 ; x 2 ; : (14) applying the operator (12) to fx i g produces the vector we obtain by reading (14) to the left from x 0 :Û 2 is the inversion operation. This is the discrete Fourier transform version of the fact that the continuous Fourier transform is the square root of the inversion. Applying inversion twice, we obtain the identitŷ U 4 = 1; (15) which can be directly veri ed from Eq. (12) . Thus the Zeilinger transformation (11) is a cyclic operator with the period 4; see Ref 11] . Consequently the Fourier transform has got only the possible eigenvalues u k = exp(i 2 k) (k = 0; 1; 2; 3):
For large N this implies a high degree of degeneracy, which makes it easy to construct the Hamiltonians which will e ect the transformations of the Zeilinger type. 
where we have used the property thatÛ j 0i =j 0i: We writê
which gives the transformation
showing that U ji is the matrix we require to be of the Zeilinger form.
In Ref. 12] we assumed that the coupling in Eq. (17) is constant; ij = (8i; j): We could then show that the Zeilinger condition can be satis ed only up to N = 4; for larger values this is no longer possible. The dimension four is thus of fundamental interest, and we want to construct Hamiltonians for Zeilinger 2N-ports when N > 4:
The desired Hamiltonians can easily be found when the transformation is cyclic of order 4 11] . We introduce projection operators k on the eigenspaces of the eigenvalues (16) and write
From this the Hamiltonian is directly constructed in the form
The construction cannot distinguish between the coupling strength and the interaction time t; the topological coupling matrix K is dimensionless. The construction (23) is unique except for the choice of range of k-values: we can always add the number 4n to them all, n being any integer. Next we construct the spectral projectors explicitly. With the relation (15) the characteristic polynomial can be written 
This sum takes only the four values f1 + i; 1; 0; ig for N(mod4) = 0; 1; 2; 3 respectively. We can now enumerate the degeneracies of the subspaces belonging to the four eigenspaces k = 0; 1; 2; 3. Each increase N ! N + 1 adds to the degeneracy of one subspace. In the Table 1 , we list the degeneracies and indicate in bold the value where the new dimension appears. The pattern is easily recognized. One interesting observation is that for N = 4, the eigenspace k = 0 is degenerate and the eigenvalue k = 3 is not utilized. 
this is the 50/50 beam splitter. De ne the higher order transformations by forming the external product of (34) with the lower order one
It is easy to see that these have all elements of equal magnitude and are unitary. These matrices are the Sylvester-Hadamard transform matrices, which are closely related to the numerical fast Fourier transforms 15]. The matrices (35) are traceless and of dimension 2 n : They also satisfy the relation In Sec.2, we discussed the transformations (5) and (6) which leave the global physical situation unchanged. We now proceed to consider the changes induced into the mathematical properties of the transformations when we permute the labelling of the outputs; the investigation of permutations of the inputs brings out nothing new. For concreteness we perform the calculation in the case N = 7. We write the transformation in the form U 7 = 2 6 6 6 6 6 6 6 6 6 6 
where the vectors v i are constructed according to the prescription (8) . Its four eigenvalues with the degeneracy pattern (2,2,2,1) are shown on the unit circle in Fig.1 . We now perform the cyclic permutation lifting all vectors up one step and moving v 0 to the bottom. The ensuing spectrum shown in 
The rotation of the eigenvalues is thus found to be ( =2N) in agreement with the numerical value found for N = 7. The spectrum is essentially unchanged even if a closer inspection of the degeneracies nds that they are not preserved. The general permutation can be constructed by successive cyclic ones and interchanges of elements. We test the in uence of output exchange by the example v 0 * ) v 1 . The ensuing matrix is still within the Zeilinger class, all elements are of equal magnitude and the matrix remains unitary. Its spectrum is, however, totally changed as we see in Fig.3 . All degeneracies have been lifted and no simple systematics can be discerned. This serves as another example of the fact that the Zeilinger conditions can be satis ed with many matrices that are not mathematically equivalent. 
The rst part has got a simple structure, but the part O 1 p N cannot be neglected for any dimension N; in the construction of the unitary transformation the number of elements grows linearly with N and hence it will always contribute in an essential manner. The maximum of any element in the rst matrix is 2; this occurs as the rst element and a second time on the diagonal for all even values of N: It is hence obvious that the maximum of the values in K is given by with m being an integer.
To check the considerations above, we calculate the maximum and minimum values of the absolute values of the elements in the topological Hamiltonian K and plot them as a function of N in Fig.4 . In the upper part, the upper curve is the maximum, the lower one the minimum. We can clearly see that the maximum is nearly constant between peaks spaced by the value 4 as we concluded above. For most values of N; the maximum approaches 2 from below; exceptions are the single peaks at (55).
In the lower part we plot the same values but on a logaritmic scale. Then the minima can easily be followed, and the zeros can be identi ed. Except for the exceptional zero at N = 4; they occur exactly at the values given by (58). Thus we have verie ed the correctness of the analytical estimates numerically.
We have carried out the present discussion in order to see the range of the couplings occurring in the topological matrix K: We can see that many interesting properties are related to the dimension N = 4, and we see that the regular behaviour sets in only when N is larger than this. 
Conclusion
We have pointed out that the mature eld of Quantum Optics needs to be able to synthesize desired transfer functions in many applications. Thus the desired unitary transformation is preassigned and we need to nd the physical system which realizes such a transform. In this paper we address the problem within the framework of linearly coupled optical modes. If an interaction picture exists such that the interaction Hamiltonian is time independent, the only task remaining is to determine how the various modes are coupled. We call this part the topological Hamiltonian. If this contains zeros, the corresponding modes are not coupled in the device realizations. The strength of the interaction is determined by the dimensionless product of the time with a coupling constant : In this paper we have utilized abrupt coupling on and o ; for smoother coupling the strength is determined by the parameter R ( )d : This changes nothing essential in the theory. For the linear couplings between a nite number of modes, which we assume in this paper, traditional methods of linear algebra can be applied. However, choosing the basis states in suitable ways, one may be able to use our approach also in other systems, because the fundamental relations always remain linear in Quantum Mechanics. Diagonalizing the desired unitary transformation in an arbitrary basis always allows the construction of the topological Hamiltonian in that basis. The method illustrated in this paper may thus be applied also to problems in quantum computing and data manipulations.
We have constructed the representative of the Zeilinger class from the discrete Fourier transform, but we have also (Sec. 5) presented alternative methods to nd members of the this class. For the special dimensions 2 n , the interesting Sylvester-Hadamard transforms have been found, and it was seen that permutations of the in-and outputs of the Fourier transforms can be used to achieve new spectral properties of the system. Transforms before and after such permutations are essentially equivalent from a physical point of view, but they have di erent mathematical properties. Thus they may suggest di erent physical realizations in terms of concrete devices. In a separate paper we will address the question of constructing the linear transformations from known optical elements. This shows the spectral eigenvalues of the unitary transformation in dimension N = 7. Starting from the rst quadrant, we nd the degeneracy pattern (2; 2; 2; 1). Figure 2 . By performing one cyclic permutation of the output vectors in the transformation shown in Fig.1 , we nd the eigenvalue pattern rotated by the angle (90 0 =7) as is explained in the text. 
